NCARV=
Vol. 3, No. 1 (2016), 29-38 ARy
©Poincare Publishers
DOI: 10.46753/pjaa.2016.v03i01.004

Poincare Journal of Analysis € Applications E

STABILITY AND FINITE SUM OF WILSON FRAMES

SHIV KUMAR KAUSHIK AND SUMAN PANWAR/

Date of Receiving :13. 04. 2016
Date of Revision : 25. 06. 2016
Date of Acceptance : 27. 06. 2016

Abstract. Wilson frames have been defined in [10]. In this paper we discuss about
finite sum of Wilson frames in case of similar window functions. A necessary and
sufficient condition is obtained under which finite sum of Wilson frames is a Wilson
frame. Finally, a sufficient condition under which finite sum of Wilson Bessel
sequences is a Bessel sequence for L?(R) in terms of their frame bounds is obtained.

1. Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer[5] in 1952.
Daubechies, Meyer and Grossmann [3],in 1986, reintroduced frames and observed that
frames can be used to find series expansions of functions in L?(R). Time-frequency
representations play a fundamental role in many practical applications as they provide
localized information of signals in time and frequency domains. Series representations
in terms of frame capture such information at prescribed discrete points in time-
frequency plane. Gabor frames find wide applications in time-frequency analysis, signals
processing, etc [2,7,8,9].

However, in view of the Balian-Low Theorem, Gabor frames which are Reisz basis for
L?(R) do not possess good localization properties in time and frequency simultaneously.
This drawback was overcome by a Wilson system defined by Daubechies, Jaffard and
Journe in [4]. K. Bittner in [1] generalised the system defined by Daubechies, Jaffard
and Journe which also overcame the drawbacks of the Balian-Low Theorem. In this
paper we discuss stability of Wilson frames and finite sum of Wilson frames in case of
same window functions.
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2. Preliminaries

Throughout the paper H will denote a Hilbert space and Ny = N U {0}, where N
denotes the set of Natural numbers.

Definition 2.1. Let H be a Hilbert space and I be an index set. A family of vectors
{fi}ier C His called a frame for H if there exist constants A and B with0 < A < B < oo
such that

AP < DO WFF)IP < BIFIP, forall f € H (2.1)

el

The positive constants A and B are called lower and upper frame bound for the frame
{fi}ier, respectively. The inequality (2.1) is called the frame inequality. If in (2.1) only
the upper inequality holds, then { f;};cr is called a Bessel sequence.

For a frame {f;};c; C H the frame operator S : H — H defined as Sz = 3 (x, fn) fn,
nel
r € H.

For a € R and g € L?(R) , the translation operator T, on L?*(R) is defined as
T.g(z) = g(x —a), + € R and the modulation operator E, on L?(R) is defined as
E.g(z) = exp(2miaz)g(z),x € R.

Definition 2.2. [2] Let g € L?(R) and a, b are positive constants. Then the sequence
{EmibTnag}mnez is called a Gabor system for L?(R).

If the Gabor system {ETnag}mnez is a frame for L?(R), then it is called a Gabor
frame and if {E,,4Thag}m.nez is a Bessel sequence for L2(R), then it is called a Gabor
Bessel sequence. For literature related to Gabor frames, one may refer to [2,5,6,7,13].

Definition 2.3. [1] Let wo,w_; € L?(R). Then the Wilson system associated with
wo, w—1 € L*(R) is a sequence of functions {¢F : wo,w_1 € Lz(R)}kjEI\% , No = NU{0}
S

in L?(R) defined by

e, cos(2kma)wy (a: - ), ifj € 27
vy (@) = "
2sin(2(k + 1)wz)w_; (a: - ]2> ifje2Z+1

and

o V2, ifk=0
72, ifkeN.

If wo = w_1, then the Wilson system in L?(R) is represented as a sequence of functions
{’(/J;€ W € LQ(R)}ICJEGNZ ,No =NU {0}

0
If the Wilson system is a frame for L?(R), it is called a Wilson frame. If the Wilson
system is a Bessel sequence L%(R), it is called a Wilson Bessel sequence. For literature
on Wilson systems, one may refer to [1,4,6,10]
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Remark 2.4. [10] If we choose wyg = w_; in the Wilson frame {¢F : wo,w_; €
LZ(R)}kjENZ in LQ(R) , then
€No

STHAENE =2 Y [(f, ExTjwe)? for all f € LA(R)

jez J,kEZ
KeNg

3. Stability of Wilson frames with wyg = w_;

In [10], we have seen that Wilson frames are closely related to Gabor frames in case
wo = w_1. Stability of Gabor frames is discussed in [12]. In the following result, we
discuss stability of Wilson frames with wg = w_1.

Let {¢F : wo € L2(R)}k]€€NZ be a Wilson frame associated with wy € L*(R). Let

¢ 0

h € L*(R) be such that {1[1;’“ cwo +h € L2(R)} isz is a Wilson Bessel sequence. Then,
the Wilson system associated with » € L?(R) may or may not be a Wilson frame for
L3(R).

Example 3.1. Let wo = h = x[o,1)- Then {1/)5“ twy € Lz(R)}kf]\%o is a Wilson frame
for L?(R) and {4% : wo + h € L*(R)} e is a Wilson Bessel sequence for L?(R). Also,
{vk:h e L*(R)} s is a Wilson frame for L?(R).

Example 3.2. Let wo = x[0,1) and h = xo,1). Then {wf T we,w_1 € LQ(R)}kjeNZ is a
'3 S
Wilson frame for L?(R) and {¢¥ : wo +h € L? (R)}kjeNZ is a Wilson Bessel sequence for
S
L?(R). But {wf th e L*(R)} ez is not a Wilson frame for L?(R).
€Ng

In the following result, we give sufficient conditions for the stability of Wilson frames

with wy = w_1.

Theorem 3.3. Let {¢} : wy € L2(R)}kj€e§0 be a Wilson frame for L?*(R) having A and
B as its lower and upper frame bound, respectively. Let S be its frame operator and let
h € L%(R) be any function such that the Wilson system {z/;f two+h o€ L2(R)}kjeel\']£0 is
a Wilson Bessel Sequence with Wilson Bessel bound M. Then {¢¥;h € LQ(R)}kjEENZO is
a Wilson Bessel sequence for L*(R). Also ,if (A%||S||~* —2M) > 0, then {1/);/’“ the
L? (R)}kjeeNZO is a Wilson frame for L*(R).

Proof. Let f € L*(R). Consider the Wilson system {¢% : h € LQ(R)}kjeNZ . Then, by
€Ng
Remark 2.4 | we have

STUAE P =2 [(f ExTih)?

ez J,kET
keNg
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Therefore
STHEYE =23 [ Bl (wo + b)) — (f, BxTywo)|”
JEL J,kEL
keNg
<4 [ BeTi(wo + B +4 > [(f, ExTywo)|*.
3, kET j, ke

Since {¢)¥ : wo +h € L*(R)} jez is a Wilson Bessel sequence with Bessel bound M, we

keNg
have

M
S BT+ )P < (I
J,k€EZ
Since {¢F : wo € L? (R)}kJENZ is a Wilson frame for L?(R) with upper frame bound B,
€

0
we have

> BTl < (5 )I1P
J,k€EZ

Hence, we obtain

STULUHP < 2{M + BY||f|?, forall f e L*(R).

JE€T
kENg

Also, for f € L*(R), we have
1
(AZISII7T = 20 £II* < (A2 I £117 = 2M [ £11%)
= A|lf|I* - 2M| f|*
<D NAUNE=23 [hwh)P

JEL JEL
k€ENg k€ENg
=2 > [(f, ExTywo)|* =4 > [(f, ExT;(wo + b)) .
7,kEZL 7,kEZL

Therefore, we get

(A8 = 2M) AP < 20 [ BrTywo)® =2 ) [(f ExT(wo + W)I?).

J,kEZ JywEZL
Thus
(A2[SI7 = 2M)|IF11P < 4 Y [ BTy,
3,.k€EZ
Hence {%‘,k : h € L2(R)}kjez is a Wilson frame with frame bounds
€Ny

L(A2||S||"t — 2M) and 2(M + B). O
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Remark 3.4. The condition that (A?|S||=! — 2M) > 0 is not necessary as seen in
Example 3.1, where A = B =1 and M = 4.

Finally, we give necessary and sufficient condition for the Wilson system {wf the

L*(R)} jez to be a Wilson Bessel sequence in terms of a Wilson frame.
keN

Theorem 3.5. Let {wf twg € LZ(R)}kjeeNzo be a Wilson frame for L?*(R) having A and
B as its lower and upper frame bound respectively. Let h € L*(R) be any function.
Then, the Wilson system {1,/)5C the LQ(R)}kjeel\’z0 is a Wilson Bessel sequence in L?(R) if
and only if there exist C' > 0 such that

> WL ET (wo —)> < C Y (057, for all | e L*(R).

J,kEZ j,kEZ

Proof. Let f € L*(R). Then

Y W BT (wo — W) = Y [(f, ExTywo — ExTyh)|?

J,kEZ j,kEZ
= Z (£, ExTywo) — (f, ExTjh)|?
4, k€EL
<2 > [F BxTywo)® +2 Y [(f, BiTh) .
JkeZ J k€L
Suppose {¢¥ : h € LQ(R)}kjENZ is a Bessel sequence with Bessel bound M. Then
€Ng

S B <

J,kEZ

As {¢F 1 wo € L*(R)} gez s a Wilson frame for L?(R) having A as its lower frame

kENg

bound , we obtain

1717 < 5 3 F, BeTyuo) .

J,kEZL
Thus

% S F B TR P Z (f, ExTjwo)|?

J,kEL j,ke

Hence

S BTywo )P < 25 +1) 3 EeTyuo)l?

J.keZ J.keZ

(= +1) > KL

G, kET

IA
IS
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where C' = %—i—l.

Conversely, for f € L?(R), we have

S°UE BT = [(f, BeTi(h — wo)) + (f, ExTjwo)|?

J:kEL J.kEL
<23 (BT (h—wo)) +2 Y |{f, ExTywo)|?
JkEL jkez
<2C > [f BeTywo)* +2 > [(f, BxTywo)*.
jkeZ JkeZ

Hence

Yo WLEBTRE < 2C+1) Y [(f, ExTjwo)l?

J,kEL j,kEZ
= (C+1) Y (fHehHP
J,kEZL
(C+1)BJ|f]>.

IN

4. Finite Sum of Wilson Frames with wy = w_;

In this section, we study finite sum of Wilson frames and obtain conditions under
which finite sum of Wilson frames for L?(R) is a Wilson frame for L?(R).
Let A, = {1,2,3....r} be a finite set and {¢}, : w; € L*R }kjeeNzo, i€ Ag,
w; € L?*(R) be Wilson frames for L?(R) associated with w; € L?(R). Consider the

Wilson system {¢F : Y w; € LQ(R)}kjENZ associated with > w; € L?*(R). Then,
i=1 *ENo i=1

1=

{k Y w; € L2(R>}kje§ may not be a frame for L?*(R), where
i=1 Mo

Example 4.1. Let g = x[0,1], h =€~
(1) If w; = g for all i € A,, then {9} : Y w; € LQ(R)}kjENZ is a frame for L?(R).
i=1 €ho
Indeed, since {ExT;(> w;)}jkez is a frame for L*(R), the Wilson system
i=1

{¥f > wi € L*(R)} gez s a frame for L?(R).
i=1 *€No
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(2) fw; =gforl <i<r—1andw, =h, then {y}F: i;wi € LQ(R)}kjEENZO is a
frame for L?(R) but {¢¥, : w, € L*(R)} s is not a frame for L?(R).

(3) If w; = g for all i = 1,3,..r — 1 and w; = —g for all i« = 2,4, ...r, where
r is even, then {y¥ : ;;1 w; € L2(R)}kj€el\’zg is not a frame for L?(R) but
{wfi cw; € L2(R)} s is a frame for L?(R) for i € A,.

Now, we give necessary and sufficient condition under which finite sum of Wilson

frames is a frame for L?(R).

Theorem 4.2. Let {¢F, : w; € LQ(R)}kjeNZ ,i € Ay, w; € L2(R) be Wilson frames for
: Sio
L*(R). Let {a;}j_, be any scalars. Then {4% : Y ayw; € L*(R)} jez s a frame for
= keNg

L?(R) if and only if there exists M > 0 and some p € {1,2,...r} such that

MY [(f ETywp)? < Y0 (Y aiEsTjw)?, f € L*(R).

J,kEZ 7,kEZ i=1

Proof. For each 1 <i <, let A; and B; be bounds of the frame {¢¥; : w; € L*(R)} jez

keNg

respectively. Then, for any f € L*(R)

MA|fIIP < M ) [(f. 507, f € LP(R).

kENg

Using Remark 2.4

MA||fI> <2M > [(f, ExTjwy)|?

J.ke€Z
<23 Y B Tyw) P, f € L*(R).
j.kez i=1
Thus
- 2
MANE S S [ Sawtar)| . £
j€ =
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Also

> =2 3 (.3 aiBiTyw)f®

r 2
<Z ok, f>
=1

JEL j,kEZ i=1
kENg
T
=2 3" 1) il B Tywy) |2
jkeZ i=1
<2’I“Z <|a2|2 Z | fa EkT wz )
J,kEL

<2 (maxfa ) (ZB)W f e I*(®).

Hence {4} : Z aw; € L2(R)} gz s a frame for L2(R).
ke

Conversely, let {9} : Z aw; € LA(R)} gse be a frame for L?(R) with bounds A and

B. For each p € A, let {@Z) twy € L2(R)} ez be a frame with frame bounds A, and

keNg

By, respectively. Then
2
— < |IfI?, forall fe L*(R).
By

Also, we have

1717 < 2 32 1S autf Bwa, | e L(R).

jkeZ i=1
Thus
2
MY BT < 5 |Zaz £, ExTyw) P, f € L*(R),
JkEZL j,kez i=1
where M = i O
By

Finally, we prove a sufficient condition under which finite sum of Wilson Bessel

sequences is a Bessel sequence for L2(R) in terms of their frame bounds.

Theorem 4.3. Let {1/1;?1. Tw; € LQ(R)}kjeNz i € A, w; € L?(R) be Wilson Bessel
: IS

k
sequences for L*(R) with bounds B; . Let {o};_, be any scalars. Then, {¢F : Y ayw; €
i=1
L2(R)}kjeNZ is a Bessel sequence for L*(R).
€Ng
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Proof. Let f € L?>(R) be any function. Then, by Remark 2.4, we have

r 2
S NP =2 > | B Tiwi, f)
J€L j,keZ’ i=1
kENg
r 2
=2 Z Z<aiEijwi7f>
jkez ! i=1
2 2
<2r Z ar(EpTiuwn, f)| + ...+ 2r Z a (BT w,, f)
J.kEZ jkeZ
2 2
=2r|ay |? Z (ExTywy, f)| +..2r|a,|? Z (ExTjwy, f)
J.kEZ k€T
2 2
=rloa? Y [@F LA+l Y (WL f)
JjEL JEZ
keNg k€Ng

So

JEL
keNg

S 1wk NP <rlaaP BT + o, PBATIP < r( 3 o5 )IAIP. S € 2(R)
=1

37

k
Hence {¢¥ : Y ayw; € L*(R)} jez is a Bessel sequence for L?(R) with Bessel bound
=1

kENg
T
T( Z |Oéi|ZBi> .
i=1
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