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Abstract. In this paper we wish to study some growth properties of entire functions
represented by a vector valued Dirichlet series on the basis of relative Ritt type and
relative Ritt weak type.

1. Introduction, Definitions and Notations

Let f (s) be an entire function of the complex variable s = o +it (¢ and t are real
variables) defined by everywhere absolutely convergent vector valued Dirichlet series
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where a,,’s belong to a Banach space (E,||.||) and A,,’s are non-negative real numbers such
that 0< A, <A, (n>1),1,, > o0 as n — oo and satisfy the conditions

limsup logn

n—oo n

=D< o0

and
log||a
limoup 2819l _ _
n—o00 A}‘l
If 0. and o0, denote respectively the abscissa of convergence and absolute
convergence of (1.1), then in this case clearly o, = 0. = oo.
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The function My (o) known as maximum modulus function corresponding to an
entire function f (s) defined by (1.1), is written as follows

Mf(0)= Lub. |If(o+in)] .

However, the Ritt order [3] of f(s), denoted by p; which is generally used in
computational purpose is defined in terms of the growth of f(s) with respect to the

expexpz function as

y loglong(a) y loglong(a)
=limsu =limsup——— .
Pf erop log 1Og]\/lexpexpz (0) Uaoop o

Similarly, one can define the Ritt lower order of f(s), denoted by As in the

following manner:
A = liminf 81 8M ()
0—00 o

An entire function represented by vector valued Dirichlet series for which order
and lower order are the same is said to be of regular growth. Functions which are not
of regular growth are said to be of irregular growth.

To compare the relative growth of two entire functions having same non zero
finite Ritt order, one may introduce the definition of Ritt type and Ritt lower type in
the following manner:

Definition 1.1. The Ritt type and Ritt lower type respectively denoted by A; and Kf of
an entire function f are defined as follows:

log My (o) log My (o)

Af =limsup and Kf = liminf ,
000 exp [pf . O'] 97 exp [pf . o]
Analogously to determine the relative growth of two entire functions represented

by vector valued Dirichlet series having same non zero finite Ritt-lower order, one may
introduce the definition of Ritt-weak type in the following way:

0< pf <o0.

Definition 1.2. The Ritt-weak type denoted by 7y of an entire function f represented
by vector valued Dirichlet series is defined as follows:

logM¢ (o
TF = liminfg—f()

'min exp[/\f'a] , 0< /\f <00 .

Also one may define the growth indicator Ty of an entire function f represented by
vector valued Dirichlet series in the following manner :
_ log My (o)
Tf =limsup—————

msu exp[/‘f.o_] , 0< /\f <o .

During the past decades, several authors {cf. [3],[4],[5],[7],[9]} made closed
investigations on the properties of entire Dirichlet series related to Ritt order. Further,
B. L. Srivastava [8] defined different growth parameters such as order and lower order
of entire functions represented by vector valued Dirichlet series. He also obtained the
results for coefficient characterization of order.
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G. S. Srivastava [6]} introduced the relative Ritt order between two entire
functions represented by vector valued Dirichlet series to avoid comparing growth just
with expexpz which is as follows:

Pg (f)

inf{y >0:Mg(0)<Mg(op) for all o> 0y (y)}

M Mg (o)
= limsup .
0—00
Similarly, one can define the relative Ritt lower order of f(s) with respect to
g(s), denoted by A, (f) in the following manner:
M;'M¢ (o)
A (f) liminf g M)

g—00 o

Further to compare the relative growth of two entire functions represented by
vector valued Dirichlet series having same non zero finite relative Ritt order with respect
to another entire function represented by vector valued Dirichlet series, Datta et al.
[1] introduced the definitions of relative Ritt-type and relative Ritt-lower type in the
following manner:

Definition 1.3. [1] The relative Ritt-type and relative Ritt-lower type denoted
respectively by A, (f) and A, (f) of an entire function f with respect to another entire
function g both represented by vector valued Dirichlet series are respectively defined as
follows:
exp Mg My (o )
Ag(f) = limsup———"——= f
— .. expM, 1M f(
Ag(f) = hanllolgf 0< pg(f) <oo.
exp[pg(f) o]

Further to determine the relative growth of two entire functions represented by
vector valued Dirichlet series having same non zero finite relative Ritt-lower order with
respect to another entire function represented by vector valued Dirichlet series Datta et
al. [1] also introduced the definition of relative Ritt-weak type in the following way:

Definition 1.4. [1] The relative Ritt-weak type denoted by 7, (f) of an entire function
f with respect to another entire function g both represented by vector valued Dirichlet
series is defined as follows:

exp Mg Mg ( f
exp [/\ ]
Also one may define the growth indicator 7, (f) of an entire function f with respect

to another entire function g both represented by vector valued Dirichlet series in the
following manner :

To(f) =liminf—————=, 0< A (f) <oo.

00—

exp Mg My (
Te(f) =limsup————+ P f

msu exp[/\ ] 0< /\ <oo.
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In the paper we study some relative growth properties of entire functions
represented by vector valued Dirichlet series using relative Ritt-order, relative Ritt-
type and relative Ritt-weak type.

2. Lemmas

In this section we present a lemma due to Datta et al. [2]:

Lemma 2.1. [2] Let f and g be any two entire functions represented by vector valued
Dirichlet series such that 0 <Ay <ps <co and 0 <Ay < pg <co. Then

A A A

4 /\(f)<m1n{ fpf}_ma{ f pf} <po(N) <L

Py Ag Pg Ag’ pg Ag
3. Main Results

In this section we state the main results of the paper.

Theorem 3.1. Let f and g be any two entire functions represented by vector valued
Dirichlet series such that 0 <Ay <ps <oo and 0 <Ay < pg <co. Then

1 _
A A Ty T [A
f f ) <Ag(f) <min [T—f]g,_—f
Tq | Ag

1
24

’
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| SE—
<

and
1

— L 1 1 1 1 1 1
At A-1°8 TA-T5e 1 (A% [T, 19e 5
S <y min [ S [ ] ) 2 ]
Tg A, Ag Tq A, | A, | Ag

Proof. From the definitions of Af and Zf, we have for all sufficiently large values of o
that

My (o) < exp[(Af + s)exp [pf . a]], (3.2)

M (o) > exp [(Zf - s)exp [pf -a” (3.3)
and also for a sequence of values of o tending to infinity, we get that

My (o) = exp[(Af - s)exp[pf . o”, (3.4)

My (o) < exp[(zf+e)exp[pf-0” . (3.5)

Similarly from the definitions of A, and Zg, it follows for all sufficiently large values of
o that

M, (o) <exp [(Ag + e)exp [pg . o”
ie., o SM; [exp[(Ag+s)exp[pg-a]”
g 555)

ie., M (o) 2 | —F—], (3.6)
Pg
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M, (o) = exp [(Kg - s)exp [pg . a”
ie., o ZM;[exp[(zg—s)exp[pg-o]]]

'log(&%)‘

ie., Mg' (o) < o (3.7)
and for a sequence of values of o tending to infinity, we obtain that
M, (o) > exp [(Ag - g)exp [pg . a”
ie., o zMé:l [exp[(Ag—s)exp[pg-a]”
log( loga‘ )
ie,  M;'(o)< IM‘ , (3.8)
Pg
M, (o) <exp [(Zg + s)exp [pg . a”
ie., o SM; [exp[(zg+e)exp[pg‘a]”
log( logo )
ie,  M;'(0)2 I&] . (3.9)
Pg

Further from the definitions of 7y and 77, we have for all sufficiently large values of o
that

My (o) exp[(?f+e)exp[/\f-a”, (3.10)
My (o) = exp[(rf—e)exp[/\f~o” (3.11)

IA

\

and also for a sequence of values of o tending to infinity, we get that

\%

My (o)
My (o)

exp[(?f—s)exp[/\f-a”, (3.12)
exp[(7f+€)exp[/\f-a” . (3.13)

IA

Similarly from the definitions of 7, and 7, it follows for all sufficiently large values of
o that

Mg (o) < exp[(?g + g)exp [/\g : 0]]
ie, 0 < M(;l [exp [(?g + e)exp [)\g . 0”]

[“’g(égi)w |

ie., M;' (o) >

. (3.14)

Ag
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M, (o) > exp [(Tg - s)exp [/\g . G”
ie., o> Mg_1 [exp[ Tg—¢€ exp[)\g . am

1 logo
. Og(( 5)
ie., Mg' (o) < /\— (3.15)
8
and for a sequence of values of o tending to infinity, we obtain that
M, (o) > exp [(Tg - e)exp [/\g . a”
ie., o zMgl[exp[ Tg—¢ exp[/\g-o]”
log( log o )
ie., M;l( )S # , (316)
8
M, (o) <exp [(Tg + e)exp [/\g . G]]
ie., o SMg_l [exp[ Tg+& exp[)\g-a]”
1 logo
Og(< ))
ie., Mg (o) 2 A— . (3.17)
g

Now from (3.4) and in view of (3.14), we get for a sequence of values of ¢ tending to
infinity that

Mg_le (0) = Mgl [exp[(Af - e)exp [pf . cr”]
1Og(logexp[(Af—s) exp[pf~a]] )

(Tg+e)

ie., Mg' Mg (0) >

/\g
5 _ 1
(Af—f) S
ie., Mg_le(o)Zlog -exp[—-a]
(o) | T
1
o exng’le(o)> (Af s) g

Since in view of Lemma 2. 17 /\ > pg(f) and as (> 0) is arbitrary, therefore it follows

from above that

exp Mg M A1
limsup———— P f( o) [ f] ¢
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ie, Ag(f)>|=L

1

Arl3g

Tf] . (3.18)
g

Similarly from (3.3) and in view of (3.17), it follows for a sequence of values of o tending
to infinity that

MSTle (0) = M;l [exp[ Zf —€ exp [pf . a”]
1Og(logexp[ Af exp[p/ U]] )

(g—¢)

ie., Mg'Mg (o) >

[(Af—¢)]™
) - f p
ie., Mgle(a)zlog ( ) -exp[A—;-o‘]
exp My ' My (0) . '(Kf—e)—g

exp[g—;-a] - ,(Tg+€)_

ie.,

Since in view of Lemma 2.1, it follows that i—f > pg(f). Also €(>0) is arbitrary, so we
g
get from above that

— L
. exp M, 1Mf( ) [Af]Ag
limsup———

Tg

A %
ie,  Agf)> [ f} . (3.19)
Again in view of (3.15), we have from (3.10) for all sufficiently large values of o that
M;Mf (0)< Mg_1 [exp [(?f + e)exp[)\f : 0]”

log(1ogexp[(%f+e)exp[Af-a]] )

(g-¢)

ie., M;'M¢ (o) <

ie., M‘;le(a) <log

exp Mg My (o)

.0] " (rg—e))

i.e.,

e

exp [
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A
Since in view of Lemma 2.1, we get that /\—f < pg(f) and as £ (> 0) is arbitrary, it follows
g

from above that

e M Ipm i
limsup————— P f( %) [Tf] ¢
0—00 eXp pg O‘]
. T *g
ie,  Agf)< [Tg] . (3.20)

Again in view of (3.7), we have from (3.2) for all sufficiently large values of o that

M;Mf (0) < Mgfl [exp [(Af + e)exp [pf . 0”]

log ( lOge"P[(A(fg;):f)"13[Pf'ff]] )

i.e,My' My (o) <

Pg

_<Af+f>] w24
(Ag—e) Pg
exp Mg My (o)

exp[g—g . O‘]

As in view of Lemma 2.1, it follows that < pg (f) and since € (> 0) is arbitrary, we get
from (3.21) that

ie., M;Mf( ) <log

1

< (Af+£) P

ie., — (3.21)
(Ag_g)

1
exp Mg M As |es
limsupp f() [f]g
s explog(f)-0]

e, Ag(f) < [_—]pg . (3.22)

Further in view of (3.7), we have from (3.10) for all sufficiently large values of o that

MngMf(a) SMng [exp[(?f+e)exp [/\f-am (3.23)

log ( l°geXP[(f(fK+:_):;P[Af~U]] )

Pg

ie., Mg'Mj (o) <
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— . ‘?
ie., Mg_le(a)slog E;f-ii; ' exp[g a]
[\Pg ™€) g
L exng_le((r) (?f+£)—i
, exp[i—g‘o] _>(Kg_€)_

Since in view of Lemma 2.1, we get that L < Pg (f) and as £ (> 0) is arbitrary, it follows
from above that

exp Mg M T |P
limsup———— P f() [f}g
o—00  exp [pg ]
. Tf f’lg
ie, Ag(f) < | (3.24)
8
Thus the first part of the theorem follows from (3.18), (3.19), (3.20), (3.22) and (3.24).

Further from (3.3) and in view of (3.14), we get for all sufficiently large values of o
that

M, 1Mf( [exp[ Af—e exp[pf a”]
1Og(logexp[ Af exp[pf 0']])
) 4 (To+e)
ie., Mg My (o) > 1
8
1
. (Ar-e)|* Pr
-1 L
i.e., Mg Mf( ) > log (Tg+é) exp[/\g o]
i exng‘le(a) (Af—e)rg
exp[i—f;o] B (?g+£)

Now in view of Lemma 2.1, it follows that > Pg (f). Since £ (> 0) is arbitrary, we get
from above that

liminf—————

0 —00

exp Mg 1Mf( ) [&]*g
exp[pg ] T

ie, R (f) z{ ]Ag . (3.25)
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Also in view of (3.8), we get from (3.2) for a sequence of values of ¢ tending to infinity

that

i.e.,

ie.,

ie.,

Mg_le (0) < M‘;l [exp[(Af +e)exp[pf -0]”

logexp[(As+¢)exp[ps-o]]
., log( (Ag—¢) )
Mg Mf (0) <
Pg
) L
Ar+e)|
Mg' My (o) <log &+ 'eXp[p_f'a]
| (Ag ¢ Pe

(
exp M, ' My (o )<'(Af+e
Rt

exp[‘p)—g-a]

(3.26)

Again in view of Lemma 2.1, S—f < pg(f) and (> 0) is arbitrary, so we get from (3.26)
3

that

liminf —————
0 —00

exp [pg ]

exp Mg My (o) [

(3.27)

Likewise from (3.5) and in view of (3.7), it follows for a sequence of values of ¢ tending

to infinity that

i.e.,

i.e.,

i.e.,

M;Mf (0) < Méjl [exp [(Zf + E)exp [pf .o]]]
log(logexp[(Zf+£)exp[pf-a]]

M;'M¢ (o) <

o)

8

MngMf(a) <log

>
oq
|
™

exp My My (o)

(A +e)|™ 1p ]

Pg

f
-exp|—-o
p[Pg

B
|
™

exp[‘;—g-o]

—— —
g
~
+
(g0}

~— | ~— ~—"
=

(3.28)
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Analogously, we get from (3.28) that

oo eXP[Pg (f)G] Ag
e, T, (f) < A g (3.29
z.e.,ogf_z—g ) .29)

since in view of Lemma 2.1, Z—f < pg(f) and £(>0) is arbitrary.
3

Further in view of (3.16), we get from (3.10) for a sequence of values of ¢ tending to
infinity that

M§1Mf (0) < Mgl [exp[(?f + e)exp[,lf . o]]]

logexp[(Ts+¢)exp[Af-o]]
log( (tg=¢) )

g

ie., MngMf(a) <

1
(T, +e)]% 1
ie., Mgle(G)SIOg (f ) .exp[—f.a]

exng’le(U) -

(
‘I

i.e.,

S

As in view of Lemma 2.1, we get that < pg(f) and as (> 0) is arbitrary, it follows
from above that

M;'M T, 7%
liminfexp f( o) [f—f]
0—0c0 eXp[pg ] T
_ T T
ie., Ag(f) < [?—f] . (3.30)
g

Similarly from (3.13) and in view of (3.15), it follows for a sequence of values of o tending
to infinity that

Mg_le (0) < Mg_1 [exp [(Tf + s)exp [,\f . a]”
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log(1ogexp[(ff+g)exp[;\f.g]] )

. _ Tg—¢
ie., Mgle(a) < /(\gg )
ok
Tr+e)|® A
ie., Mg_le(a)slog ( / ) exp[/\—f a]
Ty —¢€) | g

(e=e)
exp My ' My (0) . '(Tf+e)'E
As - ’
eXP[A—g'O’] ( )

Also in view of Lemma 2.1, we get that /;—f < pg(f) and as €(> 0) is arbitrary, therefore
g
it follows from above that

liminf ———

00—

exp Mg Mf() [Tf]Ag
exp[pg ]

e, Dg(f) < [T—f]Ag . (3.31)

Tg

Again in view of (3.8), we get from (3.10) for a sequence of values of ¢ tending to infinity
that

M, 1Mf( [exp[ Tr+e exp[/\f a”]
logexp[ Tfte exp[)\f o]]
. -1 1og( (Ag_e) )
ie., M, My (o) <
Pg
) 1
Trt+e)| A
ie., Mg_le(a)slog ( / ) exp[—f a]
i Ag—s Pg

ie.,

(Ag-e)
exng_le((r)<'(_f+€)—@
xp| o] L(Ag-¢)
e o

Since in view of Lemma 2.1, we get that < pg(f) and as €(>0) is arbitrary, so it
follows from above that

expM,'M T, 1%
liminf ————— *P f( ) [Z—f}pg
000 eXp[pg ]
— L
_ T
ie, Ag(f) < A_f}pg ) (3.32)
&
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Similarly from (3.13) and in view of (3.7), it follows for a sequence of values of o tending
to infinity that

-1 -1
Mg My (o) < M, [exp[(rf + e)exp [/\f . o]”

log ( logexp[(”r(%-*:g?:)xp[,\f.o]] )
Pg

ie. Mg' Mg (0) <

[ e
ie., Mfle(o)Slog ((ierg) ' .exp[g.a]
L _8 B g
(

|
I8
ool "I

g ¢)]
As in view of Lemma 2.1, we get that < pg (f) and as (> 0) is arbitrary, therefore it

oq

=
+
(95}

ie.,

B> |

follows from above that

exp Mg Ipm h
liminf——=——— P f( o) {Tf] ¢
00 exp[pg ]

1

. — T Pg
ie, Ag(f) < = . (3.33)
g
Hence the second part of the theorem follows from (3.25), (3.27), (3.29), (3.30), (3.31),
(3.32) and (3.33). O

Theorem 3.2. Let f and g be any two entire functions represented by vector valued
Dirichlet series such that 0 <Ay <ps <oo and 0 <Ay < pg <co. Then

1 1 — L 1 1 — L 1
Tel% [161% [Af]P2 [Arlog [Ar]3g [Af]*e Tr|P
max [_—f g,[—f] g, _—f ,[—f]pg,[_—f] g, 2 S?g(f)ﬁ _—f !
Tg | Tg Ag | Ag Tg Tg Aq
and
RS Lo L
ArlPs [zr]7% [Ar]'e T les [T
max —f} [_—f] 5 _—f} < 7g(f) <min [_—f g,[—f]pg
| Ag Tg | ¢ Aq Ag

Proof. We obtain from (3.12) and (3.14), for a sequence of values of ¢ tending to infinity
that

M;le (0)> Mg_1 [exp[ Tp—¢ exp[/\f . cr”]

log (1ogexp[ T{Tgﬂe)xppf o] )

A

ie., Mg' Mg (0) = ;
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[(7r—¢)]|™ Af
ie., Mg_le(a)Zlog ( f ) ]

-exp[/\—wr
8

i.e.,

)
exng‘le(a) s >(?f—£)—g ‘
o B (oo

A

Since in view of Lemma 2.1, we get that /\—f > A (f) and as (> 0) is arbitrary, it follows
g

from above that

) exp Mg Mf() [Tf]Ag
limsup———
0—00 exp[/\ ]
1
T Ag
ie, Tg(f)> T_f] ‘o (3.34)
8

Further we obtain from (3.11) and (3.17), for a sequence of values of o tending to infinity
that

Mg_le (0) = Mg_1 [exp[(rf —s)exp[)\f '(T]”

logexp[(’cf—s)exp[/\f-a]]
log ey

ie, Mg 'Mf(o)>

. -1 »(Tf_g) % Af
ie., M, My (o) > log -exp[—-a]

(7 -¢)
exng_,le(a) . »(’Cf—e)—E '
ol o]

A

As in view of Lemma 2.1, we get that /\—f > A (f) and as €(> 0) is arbitrary, therefore it
g

follows from above that

e M M =
limsup———— i f( id [Tf] )
o—00 exp[,\ ]
1
Tr 17
ie., %g(f)z[T—f] ‘. (3.35)
8

Now from (3.4) and in view of (3.6), we get for a sequence of values of ¢ tending to
infinity that

MMy (o) = My [exp[(Af - ¢)exp[os o]
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log(logeXP[(A(fA;):)xp[Pf'a]] )

ie., Mg'Mg (0) >

— 0

‘ ., _(Af—e)_pg of
ie., Mg My (o) > log -exp[pg ]

(
exng:Mf(a) g (A —¢)]™ . (3.36)
exp [é'ﬁ] ( )

Analogously from (3.3) and in view of (3.9), it follows for a sequence of values of o
tending to infinity that

M;Mf( >Mg [exp[Af—é)exp[pf-am

logexp[(Af—¢)exp[pf-o]]
| . g (5—) )
ie., Mg Mg (o) 2 oq
o _ 1
Ar—c)|Pe
ie., Mg_le(o) > log (_f ) .exp[p—f.o]
_(Ag—i-e)_ Pg
o _ 1
ie eXngle (U) > (Af _8) " (337)
exp[g—goa] _(Ag+£)‘

As in view of Lemma 2.1, Z—g > Ag (f) and & (> 0) is arbitrary, we get from (3.36) that

X 1 pg
B el e
Af Pg
ie, Tg(f)2 [A] . (3.38)
8

Similarly, we get from (3.37) that

exp My Mg ( Al
limsup P f f
o0—c0  exp [/\ 0]

i, Tg(f)> [Z_f] , (3.39)
8

since in view of Lemma 2.1, % < Ag(f) and (> 0) is arbitrary.
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Likewise from (3.4) and in view of (3.14), we get for a sequence of values of o tending
to infinity that

M, 1Mf( [exp[ Afp—e¢ exp[pf a”]
lo logexp[ Ar—e exp[p/ U]]
. 1 8 (Tg+e)
ie., M, My (o) > X,
) s
1 (Af_g) e s
ie., Mg Mg (o) > log -exp[—-a]
g+€) Ag

i.e.,

X
exng_le(a)> (Af €
I

Pf
eXp| g, 10

Since in view of Lemma 2.1, we get that ;—f > A (f) and as (> 0) is arbitrary, it follows
8
from above that

. exp M, 1Mf( o) [Af]fg
limsup——————= > | =—
0—00 exp[/\ ] T
1
Af g
ie, To(f)> [?_f] ‘. (3.40)
g

Further from (3.3) and in view of (3.17), it follows for a sequence of values of ¢ tending
to infinity that

M le( [exp[ Af—s exp[pf a”]
1 logexp[ Af € exp[ fU]]
i.e., Mgle (O_) Z Og( /(\Tg—f) )
g

1
R\
ie., M;Mf(a)zlog ( ) .exp[—f.a]

exng_le(cr) . '(Kf—,s)—E

exp[%-o] - ,(Tg_g)_

i.e.,
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As in view of Lemma 2.1, we get that i—f > Ao (f) and as €(> 0) is arbitrary, therefore it
g
follows from above that

exp Mg M ( A
limsup————— P f ] [ f]
o

0—00 exp

. Ag e
ie, Tg(f)= - . (3.41)
8

Again from (3.7) and (3.10), we have for all sufficiently large values of o that

MngMf (0)< Mgl [exp[(?f + e)exp[z\f . am

log ( logexp| (7, +¢) exp[A/-0]] )

(Ag—¢)

ie, Mg Mf(o)<

Pg
1
T
ie., Mg_le(a)slog E;f-ii; ' exp[g 0]
[\PBe 7<) §
L exng_le(cr) (?f+£)—i
’ exp[z—g‘o] _,(Kg_g)_

Since in view of Lemma 2.1, we get that L < A (f) and as (> 0) is arbitrary, it follows
from above that

3

expM;'M T
limsup—————— P f( %) i—f
000 exp[/\ ] Aq
1
T, g
ie, %g(f)g[f—f} L (3.42)
Ag

Thus the first part of the theorem follows from (3.34), (3.35), (3.38), (3.39), (3.40),
(3.41) and (3.42).

Further from (3.11) and in view of (3.14), we get for all sufficiently large values of o
that

MM, (o) [exp[ T —¢ eXP[/\f 0”]

log (1ogexp[ T(f?; :)xp[Af o] )

A

ie, Mg Mf(o)> ;
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1

o E
i.e., Mg_le(G)Zlog Eff+3 g exp[% G]
g ] g
_ o
U T (U |
exp[i—g'a] _>(_g+€)_

A
Since in view of Lemma 2.1, we get that /\—f > Ao (f) and as €(>0) is arbitrary,so it
g
follows from above that

hmmfeXpM Mf( o) [Tf]lg
1
Ao
e, To(f) 2 [Tf ] ‘. (3.43)
Tg

Again from (3.3) and in view of (3.6), we get for all sufficiently large values of ¢ that
M;Mf (o) = Mg_1 [exp [(Zf - e)exp [pf . 0]]]

log ( logexp[(g(g;i):)xp[«?fﬂ]] )

ie., Mg' My (o) 2 ;
g

>

oq
+
™

0‘)
V\_/ N—
;
Js\

[(A;—¢)]%
ie., M;Mf(a)zlog ( f ) .exp[z—;.o]

DI

f-

i.e.,

(3.44)

A+e

{
expM‘le(0)> (
exp[_g a] B

As in view of Lemma 2.1, g—’; > Ao (f) and &(> 0) is arbitrary, we get from (3.44) that

8

1
llmmfeXpM Mf( il [Af]
ie., Tg(f)z[%]pg . (3.45)
&

Again from (3.3) and in view of (3.14), we get for all sufficiently large values of ¢ that
Mg_le (0) = Mng [exp[ Kf —€ exp[pf . crm

log(logexp[ A(frgi;;xp[pf o] )

A

ie., Mg'Mjg (o) > ;
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1
(A _ o \17%
ie., M;Mf(a)zlog »((A;_:))_ ’ .exp[i_f;.a]

exp My My (o) . (
exp[g—f;-o] (

Since in view of Lemma 2.1, we get that g—f > A (f) and as (> 0) is arbitrary, it follows
g

Al

B>

f=e)]

)
g+€y

ol

from above that
1
ex M Ipm g
liminf————— P f( o) _—f
000 exp[/\ ] Tg

&y ]A (3.46)

ie., Tg(f)>{T
8

Moreover, we get from (3.8) and (3.10) for a sequence of values of ¢ tending to infinity
that

M, 1Mf( [exp[ Trte exp[/\f 0”]
logexp[(Tfﬂ)exp[/\f a]]
. -1 1Og( (Ag_f) )
ie., Mg Mg (o) <
Pg
i L
+e) | A
ie., Mg_le(a)glog (f ) .exp[—f.o]
Ag—¢ Pg

i.e.,

| (Ag—¢)]
eXpM‘;le(G)< (_f+a) Pg
xp|2 o] L(Ag-e)]
e o

As in view of Lemma 2.1, we get that < Ag(f) and as €(> 0) is arbitrary, it follows
from above that

M Ipm
hmmfexp f( ) [Tfrg
T J
ie, Tg(f) < A_f](g ' (3.47)
g

Similarly, from (3.13) and in view of (3.7), it follows for a sequence of values of o tending
to infinity that

Mg_le (o)< Mg_1 [exp [(Tf + s)exp [,\f . a]”
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log ( l°gexp[(f(fggf_):)xp[)\f~o]] )

ie., Mg'Mj (o) <

Pg
(o) |
Tr+e) | A
ie., Mg_le(a) <log _f— -exp[—f-a]
( g~ 5). Ps
_ 1
o exng_le(cr) (Tf+£) i
exp[?)_g.o—:l »(Kg—é')_
Since in view of Lemma 2.1, we get that < A (f) and as € (> 0) is arbitrary, therefore
it follows from above that
exp Mg le( ) 5 o
liminf —————— < | =
g0 exp[/\ ] Ag
1
. T |P8
e, To(f)<|=| . (3.48)
Ag
Hence the second part of the theorem follows from (3.43), (3.45), (3.46), (3.47) and
(3.48). O
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